Abstract. This paper defines two concepts of rigidity for tensegrity frameworks (frameworks with cables, bars, and struts): prestress stability and second-order rigidity. We demonstrate a hierarchy of rigidity--first-order rigidity implies prestress stability implies second-order rigidity implies rigiditymfor any framework. Examples show that none of these implications are reversible, even for bar frameworks. Other examples illustrate how these results can be used to create rigid tensegrity frameworks.
and [29] .
For the recognition problem (i) there has been much work done using the concept of first-order rigidity. A tensegrity framework is first-order rigid (or infinitesimally rigid) if the only smooth motion of the vertices, such that the first derivative of each member length is consistent with the constraints, has its derivative at time zero equal to that of the restriction of a congruent motion of Euclidean space. See 2.2 for more details. An equivalent dual concept says that a tensegrity framework is statically rigid if every equilibrium load can be resolved. See [10] or [29] for more details and a precise definition. Our working definition will be that of first-order rigidity as above.
A stress in a tensegrity framework is an assignment of a scalar to each member. In addition, if a first-order rigid bar framework has any nonzero self stress at all, one can change these members to cables or struts following the sign of the self stress to get another statically rigid tensegrity framework. In the spirit of (ii), this is a first-order method for generating examples of statically rigid tensegrity frameworks. See [29] and [35] for examples. Note that any first-order rigid tensegrity framework can have its cables and struts reversed to struts and cables, respectively, and it will remain first-order rigid. Figure 1 shows a pair of frameworks which are infinitesimally rigid in the plane.
1.3. Prestress stability and second-order rigidity. In .this paper, we define two other classes of frameworks, those that are prestress stable and those that are second-order rigid. We call a tensegrity framework prestress stable if it has a proper strict self stress such that a certain energy function, defined in terms of the stress and defined for all configurations, has a local minimum at the given configuration, and this minimum is a strict local minimum up to congruence of the whole framework. (See 3.3 for the precise formula for this energy function.)
Prestress stability is a concept we have borrowed from structural engineering.
The "principle of least work" is the motivation behind the definition of our energy functions. If a certain configuration of a framework corresponds to a local minimum (modulo rigid motions) of an energy function, which is the sum of the energies of all the members, then it is clear that the framework is rigid. When the usual second derivative test detects such a minimum, this corresponds to prestress stability. Pellegrino and Calladine [28] describe certain matrix rank conditions that are necessary but not sufficient for prestress stability. However, their condition essentially ignores the basic positive definite conditions. See [5] for an improved version, though. For engineering calculations, the stress-strain relation in each member is given, and this information determines the corresponding energy function. On the other hand, for the simpler mathematical recognition problem (i), one is free to choose the member energy functions at will.
A tensegrity framework is second-order rigid if every smooth motion of the vertices, which does not violate any member constraint in the first and second derivative, has its first derivative trivial; i.e., its first derivative is the derivative of a one parameter family of congruent motions. A series of basic results shows that for any tensegrity framework, first-order rigidity (i.e., infinitesimal rigidity) implies prestress stability, which implies second-order rigidity, which implies rigidity, and none of these implications can be reversed. See Figure 2 , where the figure numbers refer to examples seen later in this paper that lie only in that region of the diagram. This extends the second-order rigidity results of [6] for bar frameworks and places prestress stability between first-order and second-order rigidity. 1.4 . The second-order stress test. Information about a framework, or a class of frameworks, may come in various forms, and it can be useful to relate these different forms for the situation at hand. For example, to test the first-order rigidity of a tensegrity framework we may use both the self stresses and the first-order flexes, as in the first-order stress test.
We extend this first-order duality to the second-order situation. Regard any stress as the constant coefficients of a quadratic form on the space of all configurations as well as the space of first-order flexes. This is a "homogeneous" energy function. Suppose we have a fixed first-order flex of a given framework, and we wish to know when that first-order flex extends to some second-order flex. Our second-order stress test states the following: A second-order flez exists if and only if for every proper self stress of the framework the quadratic form it defines is nonpositive when evaluated at the given first-order flez. Thus information about proper self stresses of a framework, as well as first-order flexes, can provide information about second-order rigidity. The proof amounts to observing that the (inequality and equality) constraints of second-order rigidity and our dual stress condition is a special case of the "Farkas alternative" (as used in linear programming duality).
It is also possible to sharpen the second-order stress test to provide necessary and sufficient conditions to detect when the second-order inequalities are strict. This sharpening is a generalization of the first-order stress test. The sharpened secondorder stress test can be helpful not only in detecting second-order rigidity but also quite often in detecting when there is an actual continuous flex that has the cable and strut conditions slacken at the second-order.
1.5. Roth's conjecture. As an application of these methods we verify a conjecture of Roth about polygons in the plane in [29] . In their Lectures on Lost Mathematics [18, 19] , Griinbaum (Figure 3b , a).)
If Griinbaum and Shephard's polygonal frameworks are rigid because they are infinitesimally rigid, then it follows that the reversed framework is also infinitesimally rigid and therefore rigid. Roth's conjecture was that all rigid convex polygons with cables on the inside were indeed infinitesimally rigid. For example, Figure 3c shows a regular octagon with bars on the edges and fourteen cables on the inside. It is easy to check that this framework is not infinitesimally rigid. Thus Roth's conjecture implies that this framework is not rigid since if it were rigid, it would be infinitesimally rigid. Meanwhile, Connelly [7] showed that any proper self stress coming from one of Griinbaum and Shepard's polygonal frameworks G(p) had an associated negative semidefinite quadratic form with nullity three. Equivalently the reversed framework ((p) had a positive semidefinite quadratic form with nullity three. In an appendix we summarize a series of "replacement principles" which describe when and how one can switch between bars and cables or struts and preserve the various levels of rigidity or flexibility.
2. Review of tensegrity frameworks. Throughout this paper the word tensegrity is used to describe any framework with cables--each cable determines a maximum distance between two points, struts--each strut determines a minimum distance between two points, and bars--each bar determines a fixed distance between two points. Statically, cables can only apply tension and struts can only apply compression. We partition the edges of our [9] or [29] . R(p) is called the rigidity matrix for the framework G(p). Notice that a first-order flex of a bar framework is a solution to the linear equations n(p)p* 0.
Remark 2.2.1. A basic theorem of the subject says that first-order rigidity for a tensegrity framework implies rigidity for the framework. (See [9, 29] .) DEFINITION 2.2.4. A first-order flex p is an equilibrium flex if p. q 0 for all trivial first-order flexes q.
Physically, a first-order flex is a velocity vector field associated with the configuration, and it turns out that an equilibrium flex is a vector field such that the linear and angular momentum is preserved ( Figure 5 ). [28] use a different analysis of the rigidifying effect of a prestress. (See also [4] .) Given a framework G(p) with a self stress w and a set of generators p,..., p for a complementary space of nontrivial first-order flexes, they add k new rows to the rigidity matrix wR(pl),OzR(p2),... ,wR(p). If this extended matrix R*(p w) has rank vd a(d+l) they say that the prestress On the other hand, if there is a one-dimensional space of equilibrium first-order flexes, then we will see that prestress stability, the rank of R*(p) dv d(d+l) and 2 second-order rigidity will all coincide. It is interesting that in the paper [28] , most examples have a one-dimensional space of equilibrium flexes. See [5] for corrections, as well as [22] [23] [24] [25] [26] for a discussion of the problem of how to do the second-order analysis.
3.4. Interpretation in terms of the stress matrix and quadratic forms.
We now present some simple facts about quadratic forms that we will find useful later.
LEMMA 3.4 In Figure 7a there is a self stress such that the outside members have a positive self stress. A nontrivial first-order flex is given so that one can apply Proposition 3.4.2. Figure (Tb) is stable by a result in [7] concerning spider webs. In Figure 7b it is the inside members we can choose to be positive. In both of these examples there is a strict proper self stress such that the indicated first-order flex is nonzero only on vertices of members that have a positive self stress, and the given first-order flex generates a complementary space to the trivial flexes in the space of all first-order by adding some first-order framework that contains these vertices and none of the other original vertices. If the original framework has only cables with a proper self stress (where the equilibrium condition only holds at the vertices that are not fixed), then we say that the framework is a spider web. There is a discussion of this in [9] and [36] as well as [7] . It is clear that .spider webs are prestress stable. See Figure 10 . In three-space there are many examples of prestress stable but not necessarily infinitesimally rigid tensegrity frameworks, such as in Figure 11 . Figure 11a Figure 13 , the six vertices lie on an ellipse, and by a classical result (see [3] and [34] ), the framework has a strict proper self stress and a nontrivial first-order flex. So this framework is prestress stable, but it is not first-order rigid.
On the other hand Roth conjectured that any rigid b-c polygon (bars on the outside, cables inside) was first-order rigid. In 6.2 we show that this is true. In Figure   14 we For the three frameworks in Figure 14 , the six vertices of each configuration form a regular hexagon. For the first two cases, there are certain other configurations for the same tensegrity graph (but still a convex b-c polygon) such that the framework is rigid. This is not true for the last case, though. The reader is invited to find the continuous nontrivial flex of each of these frameworks. But see 6.2 for a proof that the flex exists.
Following [29] we see that there are many cabling schemes that guarantee firstorder rigidity, as in Figure 15 . Consider a b-c hexagon with four cables. One can see that either it contains one of the examples of Figure 15 and thus is always first-order rigid, or it is contained in one of the examples of Figure 14 and thus, at least for some convex configurations, it is not rigid. 4 . Second-order rigidity for tensegrity frameworks.
4.1. The definition of second-order rigidity. Our definition of secondorder rigidity for tensegrity frameworks comes from differentiating the equation Ipj(t) pi(t)l 2 Li twice. This generalizes the previous definition of second-order rigidity for bar frameworks in [7] . A tensegrity framework is second-order rigid if all second-order flexes (p, have p as a trivial first-order flex. Otherwise G(p) is second-order flexible. Figure 16 shows second-order flexes of some tensegrity frameworks (double arrows for p", single arrow for p). The flex in Figure 16a is nontrivial for p. The flex in Figure 16b is trivial for p, but (p, p") is not the first and second derivative of a rigid motion of p. The flex in Figure 16c is the derivative of a rigid motion of p. Figure  16d shows a nontrivial second-order flex in a framework which is still rigid. Following [6] we say that p(t) is a trivial flex if [33] and discussed in [9] ; a third way is to use the method described by [20] . (See also [9] .) This normalizing is a nuisance but it is convenient to have for the argument used to show that second-order rigidity implies rigidity.
The following is an immediate consequence of the definition of k-trivial and the formula (5 Figure 9b has this property. The two "tetrahedral" blocks are prestress stable. Therefore, all second-order flexes are trivial on these blocks. Any such secondorder flex must extend to a rotation about the common point 0. However, this violates either the strut or the cable condition on the unstressed connecting members at firstorder.
However, in 5.3 we will see that if the space of first-order flexes or the space of proper self stresses is one-dimensional, then second-order rigidity and prestress stability are the same. This will also help us to find examples of bar frameworks which are second-order rigid but not prestress stable in 5.3.
5. The stress test.
5.1. Duality from linear algebra. We now formulate some well-known principles of duality in linear algebra which we will later interpret as a "stress" test for second-order rigidity. These duality principles are a special case of the duality principles used in linear programming. 
where an inequality need only hold when the corresponding inequality, in the firstorder system, is an equality. Recall that p" (or p') is strict for {i, j} a cable or strut if the corresponding inequality is strict.
We now have our strict second-order duality result. We may assmne, without loss of generality, that R(p)p 0, since any cable or strut where p is strict can be disregarded as a cable or strut for the second-order conditions. The second-order conditions translate into the hypothesis of Proposition 5.1.2, and the conclusion translates into the condition that w is a proper self stress. Then 0 _< yobo + y+b+ -woRo(p')p'-w+R+(p')p' -wR(p')p' is the condition desired. The strictness follows from Proposition 5.1.3.
[: 1 We can simplify matters even further when G consists only of bars. This is our second-order duality result for bar frameworks. We have already seen an example of tensegrity framework in the plane, Figure  9b , which is easily seen to be second-order rigid, directly from the definition, but is not prestress stable for any proper self stress. Here we present another example, but one which is a bar framework in three-space. It also serves as an example of how to calculate using the stress test.
If we have any bar framework G(p), let p'(1),..., p'(n) denote a basis for a space of nontrivial first-order flexes of G(p). Let f(1),..., t(m) denote a basis for the space of self stresses of G(p). If G(p) is prestress stable, some linear combination of the stress matrices must be positive definite on the space generated by the first-order flexes p'(1),..., p'(n). From Corollary 5.2.2, the secondorder stress test for bar frameworks, G(p) is not second-order rigid if and only if all of the stress mtrices have a common nonzero vector on which they evaluate to be 0 in this same space generated by p'(1),..., p'(n). When n 2, both of these criteria can be checked with certain easily calculated expressions. {1, 2}, {1, 3}, {1,4}, {1, 6}, {1, 7},  {,a}, {,}, {, },  {3, 4}, {3, 5},  {4,5},{4,6} , {,}, {,7}, {6, 7}.
See Figure 17a , where although p. p6 and p4 p7 we have separated them slightly so that the framework can be more easily understood. Note that this framework is made of the framework of Figure 17b and its symmetric copy, with appropriate identifications. Then pa is added along the z-axis.
We consider those first-order flexes p'(k), where p (k) p (k) p (k) 0, which clearly determines a complement of the space of trivial flexes, since (pl, p., pa) determines a bar triangle. Since (pl, p2, pT) and (p2, ps, p) are bar triangles in the same plane, sharing a common bar pl, p, any first-order flex p' must have (Pl Ps)" (Pl P) O. In other words, {1, 5} is an "implied bar." Thus the first-order rigid tetrahedron (pl,p.,pa,p) is implied and p 0. Similarly p 0, from the implied tetrahedron (pl, p3, p5, p4). See [9] . So the following first-order flexes are a basis for a comple- We can also find two independent stresses for G(p): We next calculate the stress matrices (I), Ft(2) corresponding to w(1), w(2), relative to the vectors pt(1), pt (2) . Note that for a-1,2, b-1,2, k 1,2, On the other hand recall that the second-order stress test for bar frameworks, Corollary 5.2.2, says that a first-order flex p will extend to a second-order flex if and only if p is in the zero set of all the proper self stresses (regarded as quadratic forms) of G(p). If some pl does extend, then so does pl plus any trivial first-order flex, and so we can assume that p' is in the space spanned by p'(1) and p'(2). Thus G(p) will be second-order rigid if and only if t(1) and Ft(2) (and thus all )lt(1)+ A2t(2)) have a common zero. The zeros of (i) (as a quadratic form) are scalar multiples of (0, 1) or (2,-1).
For (2) we get (1, 0) Also for Example 5.3.1 it is possible to vary the points by a small amount, keeping all the points except p3 in a plane, and obtain many other examples of second-order rigid but not prestress stable bar frameworks in three-space.
[I Note that the underlying graph of the example above is a triangulated sphere. Figure 18a shows a realization of this graph as a triangulated convex surface. By [6] , this realization is also second-order rigid. In fact it is prestress stable as well. All members adjacent to p6 and p7 have a positive stress in the stabilizing self stress. This brings up the question: are all triangulations of a convex polyhedron in three-space, with edges as bars, prestress stable? In [6] it is only shown that such frameworks are second-order rigid. The answer is yes and will be shown elsewhere. In the plane, it turns out that if we take the bipartite graph K3,3 with its six points on the line and { i, 2, 3}, {4, 5, 6} as the partition (Figure 18b ), then this framework K3,3(p) is second-order rigid but not prestress stable. We omit this nontrivial calculation. It also turns out that K3,3(p) is a mechanism in R3.
In [26] , as well as in [27, p. 50], there is another example of a second-order rigid but not prestress stable bar framework in the plane. The calculation for that example turns out to be quite simple. Proof. Let f be any stress matrix coming from a proper self stress w of G(p). Since p is nontrivial it is easy to check that p is not an affine image of p. By [7] (p,)Tp, < 0, since for the reversed polygon (with struts on the inside) the corresponding matrix (-f [16] or [14] for a discussion of this. [11] or [12] we see that the associated framework has certain vertices pinned and all the members are struts. For any proper self stress w, wj <_ 0 for all {i, j} struts, and thus such a G(p) has for all p, a first-order flex, (p,)Tp, E wj(p-pj)2 _< 0, j since we can take p to be 0 on the pinned vertices. In fact, we get strict inequality assuming G is connected and p' 0. Thus there is a strict second-order flex (p, p'), and it is easy to see that such a G(p) is rigid if and only if it is first-order rigid. This was observed directly in [11] . 6 . Extending second-order flexes. Proof. At least v-2 cables are needed to make the tensegrity framework infinitesimally rigid.
Remark 6.2.1. When one is attempting to show directly that a particular convex b-c polygon is not rigid in the plane, one might be tempted to force some of the stressed cables to be bars in order to decrease the "degrees of freedom" and simplify the calculation. For example, the framework G(p) of Figure 19 is not rigid. It is The subframework G0(p), consisting of just the bars, is independent: G(p) has a first-order flex, and from first-order considerations, as in [I] , (0(p) has a continuous flex. The length of the horizontal cable cannot increase under this flex (by [7] ), and the other cable lengths decrease strictly in their first derivative. Thus we obtain a continuous flex of G(p).
However, one must be careful in deciding which of the cables to force to be bars. We have changed three of the stressed cables of Figure 3c to bars, and we consider only {I,6}, {4, 7}, and {3,8} from the rest of the cables of Figure 3c . There is a
proper stress w involving only members among the pairs of the first six vertices, since pl,..., P6 lie on a circle. See Figure 20b for this c-b subframework, which is rigid by Considering pl,p3,p4, and p6 as a pinned rigid subset, then the vertices p,p3,p4,p6,pT,p8 determine an infinitesimally rigid framework. So the whole framework G(p) in Figure 20a is Figure 3c . In fact, G(p) has more self stresses to consider due to the added bars. When the added stresses are considered, it turns out that G(p) is even prestress stable.
The moral of the story is that if one wants to add interior bars, as in Figure 19 , and keep the framework flexible, then one must not only be careful that the added bars keep the bar subframework independent and do not destroy the infinitesimal flexes, but also be sure that the new bars do not introduce any new proper self stresses to the whole framework.
A. Appendix on replacement principles.
A.1. From bar frameworks to cables and struts. Recall from 2.3 that if a bar framework is infinitesimally rigid, with a nonzero self stress, we can replace some of the bars with cables and struts, following the signs of the self stress. (See [29] .) Similarly, from 3.4, if a bar framework is prestress stable with a nontrivial self stress w, then we are able to replace some of the bars with cables or struts, following the signs of this self stress For a second-order rigid bar framework, we have no such replacement principle. If the framework is not prestress stable, we must check the signs of all stresses used to block the cone of first-order flexes. If these all agree on a specific sign, then the corresponding bar can be replaced, while preserving second-order rigidity.
For a framework which is rigid, by some other test, we know of no generM replacement principle. In the following, we show how to replace cables and struts with bars.
A.2. Equivalent bar frameworks for prestress stability. Given a tensegrity framework with cables and struts, we can always replace all members with bars. This replacement will, of course, preserve any rigidity in the framework. In fact it may increase the rigidity, turning a nonrigid framework into a rigid framework, a second-order rigid framework into a prestress stable framework, or a prestress stable framework into a first-order rigid framework. We would like a more delicate replacement principle which leaves the rigidity, prestress stability, or second-order rigidity unchanged.
We associate a special bar framework with a tensegrity framework, which does not depend on fixing a self stress. Suppose some framework G(p) has a cable {i,j} with p -pj. We can then replace the cable by two bars {i,k} and {k,j} and place pk on the open line segment between pi and pj to get a framework as in Figure 21a .
Similarly, a strut {i, j} can be replaced by two brs {i, k} nd {k, j}, but now we insist that pa be on the line through pi and pj but outside the closed line segment between pi and pj as in Figure 21b . 
